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We investigate high scale boundary conditions on the quartic Higgs couplings and their β functions in the
type-II two Higgs doublet model and the inert doublet model. These conditions are associated with two
possible UV physics scenarios: the multiple point principle, in which the potential exhibits a second
minimum at MPl, and asymptotic safety, where the scalar couplings run toward an interacting UV fixed
point at high scales. We employ a renormalization group running at two loops and apply theoretical and
experimental constraints to their parameter spaces. We find neither model can simultaneously accom-
modate the multiple point principle while also providing realistic masses for both the Higgs and the top
quark. However, we do find regions of parameter space compatible with asymptotic safety.
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I. INTRODUCTION
The discovery of the Higgs at ATLAS [1] and CMS [2]
supports the Standard Model’s (SM) mechanism of break-
ing the SUð2Þ ×Uð1Þ electroweak symmetry, which
requires a single SUð2Þ complex scalar doublet and results
in one neutral scalar particle. The simplicity of the SM
scalar sector is striking given the complexity of its fermion
sector, so it is no surprise that the notion of extending the
SM with additional scalar fields has motivated much of
modern particle physics research.
In a recent work we looked at the possibility of high
scale boundary conditions arising in the complex singlet
extension of the SM [3]. This was motivated in part by the
very small value of both the SM Higgs quartic coupling λ
and its β function βλ at the Planck scaleMPl. The possibility
that this interesting feature of the SM is a high scale
boundary condition derived from additional physics atMPl,
and its consequences for, e.g., vacuum stability, have been
extensively investigated [4–15].
Another simple way to extend the SM is to add a second
Higgs doublet. Supersymmetry is a common motivation for
this addition, but supersymmetric models often require fine-
tuning of parameters or considerable complications in order
to predict a Higgs mass compatible with the combined
ATLASandCMSvalue ofmh¼125.090.23GeV [16–18].
In general, the two Higgs doublet model (2HDM) must
account for the very SM-like nature of the Higgs [16,19–21]
while evading strong experimental bounds on its interactions.
The aimof thiswork is to considerwhether the inclusion of
an extra Higgs doublet is compatible with both the existence
of particular boundary conditions at the Planck scale and
current theoretical and experimental constraints. In Sec. IIwe
will describe our two considered models, the type-II 2HDM
and the inert doublet model (IDM). In Sec. III we will then
describe our methodology, including the theoretical and
experimental constraints we apply to our scenarios. We will
present our results for both models when confronted with
boundary conditions for each of the multiple point principle
(MPP) or asymptotic safety inSec. IV.Wewill find that neither
model can accommodate the high scale boundary conditions
of the MPP, while asymptotic safety remains viable. We will
draw our conclusions in Sec. V. Finally, in Appendix, we will
include the renormalization group equations (RGEs) of the
Higgs quartic couplings for the reader’s convenience.
II. CONSIDERED MODELS
In this study we will focus on the type-II 2HDM and the
IDM, andpresent a brief summaryof themodels here in order
to fix our notations and conventions. For useful reviews of
these models see Refs. [22] and [23], respectively.
A. The two Higgs doublet model
The most general potential of the 2HDM is
VðH1; H2Þ ¼ m211H†1H1 þm222H†2H2 − ðm212H†1H2 þ c:c:Þ
þ λ1ðH†1H1Þ2 þ λ2ðH†2H2Þ2
þ λ3ðH†1H1ÞðH†2H2Þ þ λ4ðH†1H2ÞðH†2H1Þ
þ

λ5
2
ðH†1H2Þ2 þ λ6ðH†1H1ÞðH†1H2Þ
þ λ7ðH†2H2ÞðH†1H2Þ þ c:c:

; ð2:1Þ
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where the two Higgs doublets themselves are given by
Hn ¼

χþn
ðH0n þ iA0nÞ=
ffiffiffi
2
p

; n ¼ 1; 2: ð2:2Þ
The parameters m211, m
2
22, and λ1;2;3;4 are real, while m
2
12
and λ5;6;7 can in principle be complex and induce CP
violation. During electroweak symmetry breaking the
neutral components of the Higgs fields, H0n, develop
vacuum expectation values (VEVs) hH0ni ¼ vn=
ffiffiffi
2
p
. The
expression v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v21 þ v22
p
is set to the SM Higgs VEV’s
value of 246 GeV, but the ratio of the VEVs, tan β ¼ v2=v1,
is a free parameter. The physical scalar sector of the model
includes two neutral scalar Higgs h and H, a pseudoscalar
Higgs A, and the charged Higgs H.
It is clear that the 2HDM potential is considerably more
complicated than its Standard Model counterpart, so it is
common to employ additional global symmetries to
increase the predictivity of the model. There are only six
possible types of global symmetry that have a distinctive
effect on the potential [24,25]. In this work we implement a
Z2 symmetry to forbid flavor changing neutral currents
(FCNCs) by allowing only one type of fermion to couple to
one Higgs doublet. This requirement sets λ6, λ7, and m212 to
zero. However, we then softly break this Z2 by reintro-
ducing a positive nonzerom212. For the results reported here
we will restrict ourselves to a type II model where up-type
quarks and leptons couple to the first Higgs doublet
and down-type quarks to the second Higgs doublet. The
dominant effect of the Yukawa sector on the running of the
relevant Higgs parameters arises from the top-quark cou-
pling, so we expect our results to be similar for other
2HDM types. We checked this by repeating the analysis for
the type-I and flipped 2HDMs and found no significant
differences from the results presented here.
For each parameter point the model is described by the
parameters m211 and m
2
22, which are replaced by MZ and
tan β by applying the electroweak vacuum minimization
conditions, as well as the additional input parameters, m212
and λiðMPlÞ with i ¼ 1;…; 5. We also use the top pole
massmt and the strong coupling constant αSðMZÞ as inputs,
allowing them to vary between 3σ of their central values
to account for the effect of their uncertainty on our results.
Since we are interested in both the high and the low scale
behavior of the potential’s parameters we use SARAH 4.12.2
[26] to calculate the two-loop β functions, which are used
by FLEXIBLESUSY 2.0.1 [27–30] to run the couplings
between MZ and MPl.
B. The inert doublet model
We also consider the model where we introduce an
additional unbroken Z2 symmetry, under which the new
Higgs doublet has odd parity but all other fields are even.
The scalar sector now consists of the SM Higgs fieldH and
an inert doublet Φ, with mixing between the two forbidden
by the new symmetry. The inert doublet does not couple to
any of the SM fields and does not gain a vacuum expect-
ation value. The potential is
VðH;ΦÞ ¼ m211H†H þm222Φ†Φþ λ1ðH†HÞ2 þ λ2ðΦ†ΦÞ2
þ λ3ðH†HÞðΦ†ΦÞ þ λ4ðH†ΦÞðΦ†HÞ
þ

λ5
2
ðH†ΦÞ2 þ H:c:

; ð2:3Þ
where all the parameters are real. Note that now the mixing
term proportional to m212 is absent. During electroweak
symmetry breaking the neutral component of the SM Higgs
doublet acquires a vacuum expectation value v ≈ 246 GeV.
The neutral Higgs h corresponds to the SM Higgs boson
while H, A, and H are inert scalars. The lightest of these
hLOP (lightest odd particle) is stable thanks to the Z2
symmetry and, assuming hLOP is one of the neutral scalars
H or A, it is a potential Dark Matter (DM) candi-
date [31,32].
The tree-level masses for the scalars are given by [33]
m2h ¼ m211 þ 3λ1v2;
m2H ¼ m222 þ
1
2
ðλ3 þ λ4 þ λ5Þv2;
m2A ¼ m222 þ
1
2
ðλ3 þ λ4 − λ5Þv2;
m2H ¼ m222 þ
1
2
λ3v2: ð2:4Þ
As in the previous case, we fix the mass term associated
with the SM Higgs doublet m211 via the electroweak
minimization conditions, but now do not have a second
VEV to fix m222, which must remain an input. Our input
parameters are therefore m222 and λiðMPlÞ with i ¼ 1;…; 5.
As in the type-II model, we use SARAH and FLEXIBLESUSY
to calculate the mass spectrum and to run couplings
between the low and high scales of interest.
III. NUMERICAL ANALYSIS
AND CONSTRAINTS
The main focus of this work is the possibility and
consequences of boundary conditions on all or some of
the quartic couplings of the 2HDM and the IDM and their β
functions at the Planck scale,
λiðMPlÞ; βλiðMPlÞ ¼ 0; i ¼ 1;…; 5: ð3:1Þ
We use SARAH 4.12.2 [26] to calculate all of the model
parameters, including mass matrices, tadpole equations,
vertices and loop corrections, as well as the two-loop β
functions for each model. FLEXIBLESUSY 2.0.1 [27–30]
uses this output to calculate the mass spectrum and to
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run the couplings betweenMZ and the Planck scale. Table I
shows the input parameter ranges used in our scans for both
the type-II and the inert models.
Valid points in our parameter space scan are required
to be perturbative up to the Planck scale. For the Higgs
quartic couplings this requires them to satisfy λi <
ffiffiffiffiffi
4π
p
up
toMPl. We require the potential to be bounded from below
at all scales up to MPl [34]. To that end we check if the
conditions [22],
λ1 > 0;
λ2 > 0;
λ3 > −2
ffiffiffiffiffiffiffiffi
λ1λ2
p
;
λ3 þ λ4 − jλ5j > −2
ffiffiffiffiffiffiffiffi
λ1λ2
p
; ð3:2Þ
are met at all scales [35,36]. We use VEVACIOUS [37] to
check if the electroweak symmetry breaking minimum
is the global minimum. Additionally, we require valid points
to provide a SMHiggs candidate 124.7 ≤ mh ≤ 127.1 GeV,
where the allowedmass range is larger than the experimental
error to additionally account for theoretical uncertainties.
Our aim is to find parameter choices that are compatible
with perturbativity, vacuum stability, and the SM Higgs
mass, as well as other constraints on the Higgs boson from
LHC Run-I, LEP, and the Tevatron. We use 2HDMC 1.7.0
[38] to calculate the relevant branching ratios required by
HIGGSBOUNDS 4.3.1 [39] to apply 95% confidence exclu-
sions. This same input is also used by HIGGSSIGNALS 1.4.0
[40] to perform a χ2 fit to the observed SM signal at the
LHC.1
In the case of the IDM we also apply constraints from
analyses of LEP data [33]. Potential invisible decays of the
W and Z bosons via W → AH, W → HH, Z → AH,
and Z → HþH− are ruled out by the precise measurement
of theW and Z boson widths. To prevent these, we require
[41,42]
MinðMA;MHÞ þMH > MW;
MA þMH > MZ; and 2MH > MZ: ð3:3Þ
LEP constraints from searches for charginos and neutra-
linos [43,44] are applied by excluding the region where
MA < 100 GeV, MH < 80 GeV, and MA −MH > 8 GeV
simultaneously. To ensure that our lightest odd particle is a
neutral DM candidate we also insist on the following
relation between the dark sector particles:
MH > min ðMH;MAÞ: ð3:4Þ
We also look at constraints from electroweak precision
observables for both of our models. The S, T, and U
parameters are calculated using 2HDMC, and the results
are checked against the current PDG limits [45], where we
require these precision observables within the range of
3σ. However, we note that these constraints do not restrict
the parameter space beyond the bounds arising from the
LHC Run-I, LEP, and Tevatron described above.
In the 2HDM the existence of the charged Higgs bosons
H can affect the calculation of flavor observables. To take
this into account we use SUPERISO [46–48] to calculate the
radiative B meson decay B → Xsγ, the leptonic B decays
B0s → μþμ−, B0d → μ
þμ−, and B→ τν, the leptonic D
decays D → μν, Ds → μν, and Ds → τν as well as the
semileptonic decay B→ Dτν, the kaon decay K → μν and
the pion decay π → μν. We then apply 95% confidence
level constraints on the branching ratios of these decays.
For the IDM, we use MICROMEGAS [49] to calculate the
DM relic density Ωh2, using the lightest of the neutral
scalars H and A as the stable DM candidate. We compare
the result to the combined experimental result from the
WMAP [50] and Planck [51] experiments,
Ωh2 ¼ 0.1199 0.0027: ð3:5Þ
We pass points that give a value less than Ωh2 þ 3σ to
allow for the possibility that the scalar DM candidate is not
the only contribution to the relic density.
DM direct detection experiments place constraints on the
spin independent scattering cross section of weakly inter-
acting massive particles (WIMPs) on nucleons. The strong-
est of these comes from the LUX [52] and XENON1T [53]
experiments, which give constraints that are dependent
on the mass of the WIMP DM candidate. We use
MICROMEGAS to calculate the scattering cross sections
for each of the points in our scan and exclude those that
give values greater than the XENON1T constraints.
TABLE I. Input parameter ranges for the numerical analysis of
the (left) type-II 2HDM and (right) IDM. Note that in the above,
m12 and m22 are understood to be the square roots of the input
parameters m212 and m
2
22, respectively.
Type-II model input
λ1;2ðMPlÞ 0.0–1.0
λ3;4ðMPlÞ −1.0–1.0
λ5;6;7ðMPlÞ 0.0
m12 0.0–2000 GeV
tan β 2.0–50
Inert model input
λ1;2ðMPlÞ 0.0–1.0
λ3;4ðMPlÞ −1.0–1.0
λ5ðMPlÞ 0.0
m22 0.0–2000 GeV
1We note that new beta versions of HIGGSBOUNDS-5 and
HIGGSSIGNALS-2 that include 13 TeV LHC data were made
available after this analysis was completed.
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IV. RESULTS
A. The multiple point principle in the type-II two
Higgs doublet model
There are a number of possible scenarios that may
enforce particular boundary conditions on the quartic
Higgs couplings and their β functions at the Planck scale
[54]. One such scenario is the MPP [55] which posits that
the effective potential has an additional minimum at the
Planck scale, degenerate to the electroweak minimum.
Applying the MPP in the SM leads to a prediction of
the Higgs mass of mh ¼ 129 1.5 GeV [17], which is not
compatible with our current experimental value ofmh but is
close enough to have inspired a number of investigations
into the MPP in extensions of the SM [56–59] and the
2HDM [60–62]. The simplest scenario implementation of
the MPP would be to have a global minimum at a high scale
Λ, degenerate with the electroweak minimum, where all
of the quartic couplings are zero at Λ, e.g., λi ¼ 0;
i ¼ 1;…; 5. However, the RGE running of λ1 and λ2
results in an unstable vacuum configuration [60–62].
It is possible for degenerate vacua to exist within the
2HDM if we relax the condition λi ¼ 0. Specifically, by
allowing λ1, λ2, λ3, and λ4 to be nonzero at Λ, the following
conditions [60] are consistent with the implementation of
the MPP at Λ:
(a) (b)
FIG. 1. (a) Example running of λ1, λ2, and λ˜ for a point that provides valid masses for the SM Higgs and the top quark in the type-II
2HDM. Boundedness from below and vacuum stability require that all three couplings are positive at all scales. (b) Results of our MPP
scan in the mh −mt plane of the type-II 2HDM. The blue points provide valid SM Higgs masses while the red points also pass the
vacuum stability conditions at all scales. The ellipses show the experimentally allowed values of mt and mh at 1σ (dark grey) and 3σ
(light grey) uncertainty.
(a) (b)
FIG. 2. Compatible values of the Higgs quartic coupling λ1ðMPlÞ against βλ1ðMPlÞ in the type II 2HDM. (a) Includes points that are
stable and perturbative up to MPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental constraints
discussed in Sec. III. Blue points obey βλ1;2;3;4 < 1.0 at MPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139, βλ4 <
0.0030 at MPl.
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λ5ðΛÞ ¼ 0;
λ4ðΛÞ < 0;
λ˜ðΛÞ ¼
ffiffiffiffiffiffiffiffi
λ1λ2
p
þ λ3 þminð0; λ4Þ ¼ 0;
βλ˜ðΛÞ ¼ 0; ð4:1Þ
where the form of λ˜ arises from the minimization of the
potential at Λ. We note that setting these conditions at Λ
results in a potential with more symmetry than the original
Z2 symmetry of (2.3).
To investigate whether these MPP conditions in the
type-II 2HDM are consistent with the current experimental
constraints on the SMHiggs massmh and the top pole mass
mt, we generated points in the parameter space as described
in Sec. III, applying the theoretical constraint of vacuum
stability at all scales. Figure 1(a) shows an example of the
running of λ1, λ2, and λ˜ for a point that results in
experimentally valid values of the SM Higgs mass and
the top pole mass, and it is also consistent with the MPP
conditions (4.1). Vacuum stability requires that all of these
couplings remain greater than zero at all scales, but the
running of λ˜ pulls it to negative values. Figure 1(b) shows
values for the SM-like Higgs mass and top-quark mass
arising from the new MPP boundary conditions, where red
points correspond to choices with a stable potential and
blue points to those that violate the stability conditions.
Although there are many blue points with acceptable Higgs
and top-quark masses, there are no satisfactory red points.
Parameter choices that satisfy the vacuum stability con-
ditions (red) have larger values of the top Yukawa yt which
(a) (b)
FIG. 3. Compatible values of the Higgs quartic coupling λ2ðMPlÞ against βλ2ðMPlÞ in the type II 2HDM. (a) Includes points that are
stable and perturbative up to MPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental constraints
discussed in Sec. III. Blue points obey βλ1;2;3;4 < 1.0 at MPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139, βλ4 <
0.0030 at MPl.
(a) (b)
FIG. 4. Compatible values of the Higgs quartic coupling λ3ðMPlÞ against βλ3ðMPlÞ in the type-II 2HDM. (a) Includes points that are
stable and perturbative up to MPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental constraints
discussed in Sec. III. Blue points obey βλ1;2;3;4 < 1.0 at MPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139, βλ4 <
0.0030 at MPl.
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positively contribute to the running of the quartic cou-
plings. The larger required yt corresponds to a top mass in
the range 220≲mt ≲ 230 GeV which is not compatible
with current experimental bounds on the top pole mass.
B. Asymptotic safety in the type-II two Higgs
doublet model
Another possibility for the high scale dynamics that
enforces high scale boundary conditions is asymptotic
safety, in which the quartic couplings of the Higgs sector
run toward an ultraviolet interacting fixed point [63–71]. It
has been suggested that gravitational contributions may
become significant at very high scales and alter the running
of the couplings of the scalar potential to provide such a
boundary condition [72–76]. In the context of the 2HDM,
we are therefore seeking scenarios that exhibit zero values
for the β functions of the Higgs quartic couplings at the
Planck scale while allowing the couplings themselves to be
nonzero.
Note that it is important at this stage to be clear on
what we mean by a β function being zero. For each of the
points in our parameter space we perform a perturbative
calculation of the RGE evolution of the model couplings,
and accommodate the uncertainty associated with this
calculation by allowing for small, nonzero values of the β
functions. We estimate this uncertainty by using the
difference between the β-function values at MPl calcu-
lated using one-loop and two-loop RGEs, and we
consider the β function to be zero if it is smaller than
the RGE truncation error. In the case of the 2HDM we
calculated, these are
(a) (b)
FIG. 5. Compatible values of the Higgs quartic coupling λ4ðMPlÞ against βλ4ðMPlÞ in the type-II 2HDM. (a) Includes points that are
stable and perturbative up to MPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental constraints
discussed in Sec. III. Blue points obey βλ1;2;3;4 < 1.0 at MPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139, βλ4 <
0.0030 at MPl.
(a) (b)
FIG. 6. Compatible values of the heavy neutral Higgs mass mH against the pseudoscalar Higgs mA in the type-II 2HDM. (a) Includes
points that are stable and perturbative up toMPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental
constraints discussed in Sec. III. Blue points obey βλ1;2;3;4 < 1.0 atMPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139,
βλ4 < 0.0030 at MPl.
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βλ1ðMPlÞ < 0.0127;
βλ2ðMPlÞ < 0.0064;
βλ3ðMPlÞ < 0.0139;
βλ4ðMPlÞ < 0.0030: ð4:2Þ
We now present the results of our numerical analysis of
the type-II 2HDM, in which we look for regions of
parameter space that are compatible with the high scale
boundary conditions that can arise under the requirement
for asymptotic safety. We apply the relevant theoretical and
experimental constraints described in Sec. III as well as the
βλi ¼ 0 constraints shown in Eq. (4.2). Figures 2–5 show
the values of the four nonzero quartic Higgs couplings
λ1;2;3;4 and their β functions. The left plots include the
theoretical constraints of perturbativity, vacuum stability,
and a valid SM Higgs candidate, while those on the right
also include experimental constraints. Points in red provide
values of the β functions that are compatible with our
asymptotic safety high scale boundary conditions, while
those in blue do not pass those constraints. Clearly there are
regions of parameter space where all of the β functions of
the quartic Higgs couplings are within the truncation errors,
even after all of the relevant experimental constraints have
been applied. These regions correspond to very small but
nonzero values of the quartic couplings at MPl, consistent
with a UV interacting fixed point.
Figure 6 shows the masses of the heavy neutral scalarmH
against the pseudoscalar Higgs mass mA, while Fig. 7
compares it with the charged Higgs massmH . As the scale
associated with the additional Higgs becomes significantly
larger than the electroweak scale, the second doublet
decouples from the first and the masses of H, A, and
H become degenerate. A lower limit on the masses of the
extra scalars of around mH;A;H ≈ 330 GeV is enforced
once we apply the collider and flavor constraints. However,
the points that are consistent with our high scale β function
conditions can have a range of different masses, and those
conditions do not apply strong constraints upon the scalar
mass spectrum in the type-II 2HDM.
C. The multiple point principle in the inert
doublet model
Equation (4.1) provides the conditions that a 2HDM
parameter point must satisfy to be consistent with the MPP.
These constraints also apply to the IDM. We examined
the IDM parameter space in the same way as we did for the
type-II 2HDM case detailed in Sec. IVA. We applied the
MPP conditions at MPl and required valid points to be
stable up to the Planck scale and to have a SM Higgs
candidate.
(a) (b)
FIG. 7. Compatible values of the heavy neutral Higgs mass mH against the charged Higgs mH in the type-II 2HDM. (a) Includes
points that are stable and perturbative up toMPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental
constraints discussed in Sec. III. Blue points obey βλ1;2;3;4 < 1.0 atMPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139,
βλ4 < 0.0030 at MPl.
FIG. 8. Example running of λ1, λ2, and λ˜ for a point that
provides valid masses for the SM Higgs and the top quark in the
IDM. Boundedness from below and vacuum stability require that
all three couplings are positive at all scales.
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(a) (b)
FIG. 9. Compatible values of the Higgs quartic coupling λ1ðMPlÞ against βλ1ðMPlÞ in the IDM. (a) Includes points that are stable and
perturbative up to MPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental constraints discussed in
Sec. III. Blue points obey βλ1;2;3;4 < 1.0 at MPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139, βλ4 < 0.0030 at MPl.
(a) (b)
FIG. 10. Compatible values of the Higgs quartic coupling λ2ðMPlÞ against βλ2ðMPlÞ in the IDM. (a) Includes points that are stable and
perturbative up to MPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental constraints discussed in
Sec. III. Blue points obey βλ1;2;3;4 < 1.0 at MPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139, βλ4 < 0.0030 at MPl.
(a) (b)
FIG. 11. Compatible values of the Higgs quartic coupling λ3ðMPlÞ against βλ3ðMPlÞ in the IDM. (a) Includes points that are stable and
perturbative up to MPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental constraints discussed in
Sec. III. Blue points obey βλ1;2;3;4 < 1.0 at MPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139, βλ4 < 0.0030 at MPl.
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Figure 8 shows the running of the quartic couplings
λ1, λ2, and λ˜ for an example point in our scan that
provided a valid SM Higgs and top mass. As in the
type-II model, a stable vacuum requires all three of these
couplings to be positive at all scales. Clearly this point
fails our vacuum stability test and is representative of
the other points in our scan. We found no points that
could simultaneously satisfy the constraints of perturba-
tivity, the vacuum stability, and the requirement of a
realistic SM mass spectrum. Specifically, there are
points that provide valid SM Higgs and top masses,
but all of these points fail the condition λ˜ > 0. In fact,
we found no points that could satisfy the MPP con-
ditions outlined in Eq. (4.1) that remained stable up to
the Planck scale, regardless of their Higgs or top masses.
This therefore suggests that the MPP cannot be imple-
mented successfully in the IDM.
D. Asymptotic safety in the inert doublet model
We now present the results of our numerical analysis
of the IDM. Figures 9–12 show points in the λi − βλi
plane that satisfy both our theoretical and our exper-
imental constraints as well as the asymptotic safety high
scale boundary conditions of Eq. (4.2). The situation is
somewhat similar to the type-II case discussed in
Sec. IV B, inasmuch as there are points in the parameter
space that are compatible with asymptotic safety and
that those points have very small values of the quartic
couplings.
(a) (b)
FIG. 12. Compatible values of the Higgs quartic coupling λ4ðMPlÞ against βλ4ðMPlÞ in the IDM. (a) Includes points that are stable and
perturbative up to MPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental constraints discussed in
Sec. III. Blue points obey βλ1;2;3;4 < 1.0 at MPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139, βλ4 < 0.0030 at MPl.
(a) (b)
FIG. 13. Compatible values of the lightest odd particle massmLOP against the charged Higgs massmH in the IDM. (a) Includes points
that are stable and perturbative up to MPl and includes an SM Higgs candidate, while (b) also enforces all relevant experimental
constraints discussed in Sec. III. Blue points obey βλ1;2;3;4 < 1.0 atMPl while red points obey βλ1 < 0.0127, βλ2 < 0.0064, βλ3 < 0.0139,
βλ4 < 0.0030 at MPl.
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Figure 13 shows the allowed masses of the DM candi-
date mLOP and the charged Higgs mass mH . The require-
ment that the LOP account for the DM relic density and the
results from DM direct detection experiments places a
lower limit on the LOP mass ofmLOP ≈ 40 GeV. As for the
type-II case, points which meet the high scale constraint of
asymptotic safety are seen to have a wide range of allowed
scalar masses. It appears from our results that the existence
of an interacting UV fixed point for the quartic couplings is
valid under both the type-II model and the inert model. It
places constraints on the high scale values of the quartic
couplings, but due to the freedom to vary m222 this does not
translate to strong constraints on the possible masses of the
new scalars.
V. CONCLUSIONS
We have investigated the type-II 2HDM and the IDM
with a focus on possible constraints on the quartic Higgs
couplings and their β functions at the Planck scale. These
high scale conditions may be a consequence of a second
minimum in the potential that is degenerate with the
electroweak minimum, as is the case in the MPP, or they
may be due to the couplings running toward an interacting
UV fixed point atMPl, as for asymptotic safety. In this work
we have examined the viability of these models with the
required high scale boundary conditions, checking their
compatibility with perturbativity, vacuum stability, and a
SM Higgs candidate of the appropriate mass, as well as
experimental constraints from colliders, flavor physics, and
DM experiments.
Models with a second Higgs doublet have much more
flexibility in their scalar potential than models with only
one Higgs doublet, which gives them more freedom to
accommodate the boundary conditions of the MPP or
asymptotic safety. However, we found that both the
type-II 2HDM and the IDM cannot satisfy the conditions
required at the Planck scale by the MPP. Specifically, we
found no points in either model’s parameter space that was
consistent with the MPP while also having a valid SM
Higgs, an experimentally acceptable top quark mass, and a
stable vacuum. In the type-II case we found that a stable
vacuum would require a top mass on the order of 230 GeV,
while in the inert case we found no points at all that could
meet our theoretical requirements. The results of our
analysis would suggest that the MPP is not compatible
with the 2HDM or IDM that we investigated.
Asymptotic safety remains viable, as we found numer-
ous points in the parameter space of both the 2HDM
and the IDM that were compatible with theoretical and
experimental constraints and had the required Planck scale
values of the quartic Higgs β functions. These points also
have small but nonzero values of the corresponding
quartic couplings, which is entirely in keeping with the
existence of an interacting UV fixed point. The type-II
case has a lower limit on the masses of the additional
scalars of mH;A;H ≈ 330 GeV imposed by experimental
constraints. In the IDM the DM relic density and direct
detection experiments place constraints on the mass of the
model’s DM candidate of mLOP ≈ 40 GeV. Although our
investigation found regions of parameter space that are
compatible with all constraints, they correspond to a range
of masses for the extra Higgs, with no apparent restriction
on those masses coming from the high scale boundary
conditions.
Of course, the nonviability of the MPP for these two
models does not imply that it is wrong. One could imagine
additional matter being added to the model that could make
such scenarios viable again. Additional matter added to the
2HDM or IDM would have the difficult task of forcing λ˜ to
stay positive. However, it would be interesting to examine
the SM Higgs sector with alternative additions, such as
vectorlike fermions. Ultimately the question remains, is the
peculiar behavior of the SM Higgs potential at the Planck
scale a coincidence or a sign of new physics?
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APPENDIX: RENORMALIZATION GROUP
EQUATIONS OF THE QUARTIC HIGGS
COUPLINGS
The two-loop β functions that describe the running of the
quartic Higgs couplings λ1−7 are calculated using SARAH
[26]. We present here the one- and two-loop contributions
to βλi (i ¼ 1;…; 7), that is βð1Þλi and β
ð2Þ
λi
, respectively; g1−3
are the SM gauge couplings, and Yf (f ¼ fu; d; eg) are the
Yukawa matrices:
βð1Þλ1 ¼ þ
27
200
g41 þ
9
20
g21g
2
2 þ
9
8
g42 −
9
5
g21λ1 − 9g22λ1 þ 24λ21 þ 2λ23 þ 2λ3λ4 þ λ24 þ λ25 þ 12λ26
þ 12λ1TrðYdY†dÞ þ 4λ1TrðYeY†eÞ − 6TrðYdY†dYdY†dÞ − 2TrðYeY†eYeY†eÞ; ðA1Þ
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βð2Þλ1 ¼ −
3537
2000
g61 −
1719
400
g41g
2
2 −
303
80
g21g
4
2 þ
291
16
g62 þ
1953
200
g41λ1 þ
117
20
g21g
2
2λ1 −
51
8
g42λ1
þ 108
5
g21λ
2
1 þ 108g22λ21 − 312λ31 þ
9
10
g41λ3 þ
15
2
g42λ3 þ
12
5
g21λ
2
3 þ 12g22λ23 − 20λ1λ23 − 8λ33
þ 9
20
g41λ4 þ
3
2
g21g
2
2λ4 þ
15
4
g42λ4 þ
12
5
g21λ3λ4 þ 12g22λ3λ4 − 20λ1λ3λ4 − 12λ23λ4 þ
6
5
g21λ
2
4
þ 3g22λ24 − 12λ1λ24 − 16λ3λ24 − 6λ34 −
3
5
g21λ
2
5 − 14λ1λ25 − 20λ3λ25 − 22λ4λ25
þ 54
5
g21λ
2
6 þ 54g22λ26 − 318λ1λ26 − 66λ3λ26 − 70λ4λ26 − 74λ5λ26 − 36λ3λ6λ7
− 28λ4λ6λ7 − 20λ5λ6λ7 þ 6λ1λ27 − 18λ3λ27 − 14λ4λ27 − 10λ5λ27
þ 1
20
ð−5ð144λ26 − 320g23λ1 þ 576λ21 − 90g22λ1 þ 9g42Þ þ 9g41 þ g21ð50λ1 þ 54g22ÞÞTrðYdY†dÞ
−
3
20
ð15g41 − 2g21ð11g22 þ 25λ1Þ þ 5ð−10g22λ1 þ 16λ26 þ 64λ21 þ g42ÞÞTrðYeY†eÞ
− 12λ23TrðYuY†uÞ − 12λ3λ4TrðYuY†uÞ − 6λ24TrðYuY†uÞ − 6λ25TrðYuY†uÞ − 36λ26TrðYuY†uÞ
þ 4
5
g21TrðYdY†dYdY†dÞ − 32g23TrðYdY†dYdY†dÞ − 3λ1TrðYdY†dYdY†dÞ − 9λ1TrðYdY†uYuY†dÞ
−
12
5
g21TrðYeY†eYeY†eÞ − λ1TrðYeY†eYeY†eÞ þ 30TrðYdY†dYdY†dYdY†dÞ þ 6TrðYdY†uYuY†dYdY†dÞ; ðA2Þ
βð1Þλ2 ¼ þ
27
200
g41 þ
9
20
g21g
2
2 þ
9
8
g42 −
9
5
g21λ2 − 9g22λ2 þ 24λ22 þ 2λ23 þ 2λ3λ4 þ λ24 þ λ25 þ 12λ27
þ 12λ2TrðYuY†uÞ − 6TrðYuY†uYuY†uÞ ðA3Þ
βð2Þλ2 ¼ −
3537
2000
g61 −
1719
400
g41g
2
2 −
303
80
g21g
4
2 þ
291
16
g62 þ
1953
200
g41λ2 þ
117
20
g21g
2
2λ2 −
51
8
g42λ2 þ
108
5
g21λ
2
2
þ 108g22λ22 − 312λ32 þ
9
10
g41λ3 þ
15
2
g42λ3 þ
12
5
g21λ
2
3 þ 12g22λ23 − 20λ2λ23 − 8λ33 þ
9
20
g41λ4
þ 3
2
g21g
2
2λ4 þ
15
4
g42λ4 þ
12
5
g21λ3λ4 þ 12g22λ3λ4 − 20λ2λ3λ4 − 12λ23λ4 þ
6
5
g21λ
2
4
þ 3g22λ24 − 12λ2λ24 − 16λ3λ24 − 6λ34 −
3
5
g21λ
2
5 − 14λ2λ25 − 20λ3λ25 − 22λ4λ25 þ 6λ2λ26
− 18λ3λ26 − 14λ4λ26 − 10λ5λ26 − 36λ3λ6λ7 − 28λ4λ6λ7 − 20λ5λ6λ7 þ
54
5
g21λ
2
7 þ 54g22λ27
− 318λ2λ27 − 66λ3λ27 − 70λ4λ27 − 74λ5λ27 − 6ð2λ23 þ 2λ3λ4 þ 6λ27 þ λ24 þ λ25ÞTrðYdY†dÞ
− 2ð2λ23 þ 2λ3λ4 þ 6λ27 þ λ24 þ λ25ÞTrðYeY†eÞ −
171
100
g41TrðYuY†uÞ þ
63
10
g21g
2
2TrðYuY†uÞ
−
9
4
g42TrðYuY†uÞ þ
17
2
g21λ2TrðYuY†uÞ þ
45
2
g22λ2TrðYuY†uÞ þ 80g23λ2TrðYuY†uÞ
− 144λ22TrðYuY†uÞ − 36λ27TrðYuY†uÞ − 9λ2TrðYdY†uYuY†dÞ −
8
5
g21TrðYuY†uYuY†uÞ
− 32g23TrðYuY†uYuY†uÞ − 3λ2TrðYuY†uYuY†uÞ þ 6TrðYdY†uYuY†uYuY†dÞ
þ 30TrðYuY†uYuY†uYuY†uÞ þ 10TrðYeY†eYeY†eYeY†eÞ; ðA4Þ
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βð1Þλ3 ¼ þ
27
100
g41 −
9
10
g21g
2
2 þ
9
4
g42 −
9
5
g21λ3 − 9g22λ3 þ 12λ1λ3 þ 12λ2λ3 þ 4λ23 þ 4λ1λ4
þ 4λ2λ4 þ 2λ24 þ 2λ25 þ 4λ26 þ 16λ6λ7 þ 4λ27 þ 6λ3TrðYdY†dÞ þ 2λ3TrðYeY†eÞ
þ 6λ3TrðYuY†uÞ − 12TrðYdY†uYuY†dÞ; ðA5Þ
βð2Þλ3 ¼ −
3537
1000
g61 þ
909
200
g41g
2
2 þ
33
40
g21g
4
2 þ
291
8
g62 þ
27
10
g41λ1 − 3g21g22λ1 þ
45
2
g42λ1 þ
27
10
g41λ2
− 3g21g22λ2 þ
45
2
g42λ2 þ
1773
200
g41λ3 þ
33
20
g21g
2
2λ3 −
111
8
g42λ3 þ
72
5
g21λ1λ3 þ 72g22λ1λ3
− 60λ21λ3 þ
72
5
g21λ2λ3 þ 72g22λ2λ3 − 60λ22λ3 þ
6
5
g21λ
2
3 þ 6g22λ23 − 72λ1λ23 − 72λ2λ23
− 12λ33 þ
9
10
g41λ4 −
9
5
g21g
2
2λ4 þ
15
2
g42λ4 þ
24
5
g21λ1λ4 þ 36g22λ1λ4 − 16λ21λ4 þ
24
5
g21λ2λ4
þ 36g22λ2λ4 − 16λ22λ4 − 12g22λ3λ4 − 32λ1λ3λ4 − 32λ2λ3λ4 − 4λ23λ4 −
6
5
g21λ
2
4
þ 6g22λ24 − 28λ1λ24 − 28λ2λ24 − 16λ3λ24 − 12λ34 þ
12
5
g21λ
2
5 − 36λ1λ25 − 36λ2λ25
− 18λ3λ25 − 44λ4λ25 þ
6
5
g21λ
2
6 − 124λ1λ26 − 44λ2λ26 − 60λ3λ26 − 68λ4λ26 − 68λ5λ26
þ 96
5
g21λ6λ7 þ 108g22λ6λ7 − 88λ1λ6λ7 − 88λ2λ6λ7 − 176λ3λ6λ7 − 88λ4λ6λ7
− 72λ5λ6λ7 þ
6
5
g21λ
2
7 − 44λ1λ27 − 124λ2λ27 − 60λ3λ27 − 68λ4λ27 − 68λ5λ27
þ 1
20
ð9g41 þ g21ð25λ3 − 54g22Þ − 5ð−45g22λ3
þ 8ð−20g23λ3 þ 3ð2λ23 þ 4λ1ð3λ3 þ λ4Þ þ 4λ26 þ 8λ6λ7 þ λ24 þ λ25ÞÞ þ 9g42ÞÞTrðYdY†dÞ
−
1
20
ð45g41 þ 5ð−15g22λ3 þ 3g42 þ 8ð2λ23 þ 4λ1ð3λ3 þ λ4Þ þ 4λ26 þ 8λ6λ7 þ λ24 þ λ25ÞÞ
þ g21ð66g22 − 75λ3ÞÞTrðYeY†eÞ −
171
100
g41TrðYuY†uÞ −
63
10
g21g
2
2TrðYuY†uÞ −
9
4
g42TrðYuY†uÞ
þ 17
4
g21λ3TrðYuY†uÞ þ
45
4
g22λ3TrðYuY†uÞ þ 40g23λ3TrðYuY†uÞ − 72λ2λ3TrðYuY†uÞ
− 12λ23TrðYuY†uÞ − 24λ2λ4TrðYuY†uÞ − 6λ24TrðYuY†uÞ − 6λ25TrðYuY†uÞ
− 48λ6λ7TrðYuY†uÞ − 24λ27TrðYuY†uÞ −
27
2
λ3TrðYdY†dYdY†dÞ −
4
5
g21TrðYdY†uYuY†dÞ
− 64g23TrðYdY†uYuY†dÞ þ 15λ3TrðYdY†uYuY†dÞ −
9
2
λ3TrðYeY†eYeY†eÞ
−
27
2
λ3TrðYuY†uYuY†uÞ þ 12TrðYdY†dYdY†uYuY†dÞ þ 24TrðYdY†uYuY†dYdY†dÞ
þ 36TrðYdY†uYuY†uYuY†dÞ; ðA6Þ
βð1Þλ4 ¼ þ
9
5
g21g
2
2 −
9
5
g21λ4 − 9g22λ4 þ 4λ1λ4 þ 4λ2λ4 þ 8λ3λ4 þ 4λ24 þ 8λ25 þ 10λ26 þ 4λ6λ7 þ 10λ27
þ 6λ4TrðYdY†dÞ þ 2λ4TrðYeY†eÞ þ 6λ4TrðYuY†uÞ þ 12TrðYdY†uYuY†dÞ; ðA7Þ
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βð2Þλ4 ¼ −
657
50
g41g
2
2 −
42
5
g21g
4
2 þ 6g21g22λ1 þ 6g21g22λ2 þ
6
5
g21g
2
2λ3 þ
1413
200
g41λ4 þ
153
20
g21g
2
2λ4
−
231
8
g42λ4 þ
24
5
g21λ1λ4 − 28λ21λ4 þ
24
5
g21λ2λ4 − 28λ22λ4 þ
12
5
g21λ3λ4 þ 36g22λ3λ4
− 80λ1λ3λ4 − 80λ2λ3λ4 − 28λ23λ4 þ
24
5
g21λ
2
4 þ 18g22λ24 − 40λ1λ24 − 40λ2λ24 − 28λ3λ24
þ 48
5
g21λ
2
5 þ 54g22λ25 − 48λ1λ25 − 48λ2λ25 − 48λ3λ25 − 26λ4λ25 þ
42
5
g21λ
2
6 þ 54g22λ26
− 148λ1λ26 − 20λ2λ26 − 72λ3λ26 − 68λ4λ26 − 80λ5λ26 þ
24
5
g21λ6λ7 − 40λ1λ6λ7 − 40λ2λ6λ7
− 80λ3λ6λ7 − 160λ4λ6λ7 − 96λ5λ6λ7 þ
42
5
g21λ
2
7 þ 54g22λ27 − 20λ1λ27 − 148λ2λ27
− 72λ3λ27 − 68λ4λ27 − 80λ5λ27 þ
1
20
ð5ð16ð10g23λ4 − 3ð2λ1λ4 þ 2λ3λ4 þ 2λ25
þ 5λ26 þ λ6λ7 þ λ24ÞÞ þ 45g22λ4Þ þ g21ð108g22 þ 25λ4ÞÞTrðYdY†dÞ þ
1
20
ð3g21ð25λ4
þ 44g22Þ þ 5ð15g22λ4 − 16ð2λ1λ4 þ 2λ3λ4 þ 2λ25 þ 5λ26 þ λ6λ7 þ λ24ÞÞÞTrðYeY†eÞ
þ 63
5
g21g
2
2TrðYuY†uÞ þ
17
4
g21λ4TrðYuY†uÞ þ
45
4
g22λ4TrðYuY†uÞ þ 40g23λ4TrðYuY†uÞ
− 24λ2λ4TrðYuY†uÞ − 24λ3λ4TrðYuY†uÞ − 12λ24TrðYuY†uÞ − 24λ25TrðYuY†uÞ
− 12λ6λ7TrðYuY†uÞ − 60λ27TrðYuY†uÞ −
27
2
λ4TrðYdY†dYdY†dÞ þ
4
5
g21TrðYdY†uYuY†dÞ
þ 64g23TrðYdY†uYuY†dÞ − 24λ3TrðYdY†uYuY†dÞ − 33λ4TrðYdY†uYuY†dÞ
−
9
2
λ4TrðYeY†eYeY†eÞ −
27
2
λ4TrðYuY†uYuY†uÞ − 12TrðYdY†dYdY†uYuY†dÞ
− 12TrðYdY†uYuY†dYdY†dÞ − 24TrðYdY†uYuY†uYuY†dÞ; ðA8Þ
βð1Þλ5 ¼ −
9
5
g21λ5 − 9g22λ5 þ 4λ1λ5 þ 4λ2λ5 þ 8λ3λ5 þ 12λ4λ5 þ 10λ26 þ 4λ6λ7 þ 10λ27
þ 6λ5TrðYdY†dÞ þ 2λ5TrðYeY†eÞ þ 6λ5TrðYuY†uÞ; ðA9Þ
βð2Þλ5 ¼ þ
1413
200
g41λ5 þ
57
20
g21g
2
2λ5 −
231
8
g42λ5 −
12
5
g21λ1λ5 − 28λ21λ5 −
12
5
g21λ2λ5 − 28λ22λ5
þ 48
5
g21λ3λ5 þ 36g22λ3λ5 − 80λ1λ3λ5 − 80λ2λ3λ5 − 28λ23λ5 þ
72
5
g21λ4λ5 þ 72g22λ4λ5
− 88λ1λ4λ5 − 88λ2λ4λ5 − 76λ3λ4λ5 − 32λ24λ5 þ 6λ35 þ 12g21λ26 þ 54g22λ26 − 148λ1λ26
− 20λ2λ26 − 72λ3λ26 − 76λ4λ26 − 72λ5λ26 −
12
5
g21λ6λ7 − 40λ1λ6λ7 − 40λ2λ6λ7
− 80λ3λ6λ7 − 88λ4λ6λ7 − 168λ5λ6λ7 þ 12g21λ27 þ 54g22λ27 − 20λ1λ27 − 148λ2λ27
− 72λ3λ27 − 76λ4λ27 − 72λ5λ27
þ 1
4
ð16ð10g23λ5 − 3ð2λ1λ5 þ 2λ3λ5 þ 3λ4λ5 þ 5λ26 þ λ6λ7ÞÞ þ 45g22λ5 þ 5g21λ5ÞTrðYdY†dÞ
þ 1
4
ð15g21λ5 þ 15g22λ5 − 16ð2λ1λ5 þ 2λ3λ5 þ 3λ4λ5 þ 5λ26 þ λ6λ7ÞÞTrðYeY†eÞ
þ 17
4
g21λ5TrðYuY†uÞ þ
45
4
g22λ5TrðYuY†uÞ þ 40g23λ5TrðYuY†uÞ − 24λ2λ5TrðYuY†uÞ
− 24λ3λ5TrðYuY†uÞ − 36λ4λ5TrðYuY†uÞ − 12λ6λ7TrðYuY†uÞ − 60λ27TrðYuY†uÞ
−
3
2
λ5TrðYdY†dYdY†dÞ − 33λ5TrðYdY†uYuY†dÞ −
1
2
λ5TrðYeY†eYeY†eÞ −
3
2
λ5TrðYuY†uYuY†uÞ; ðA10Þ
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βð1Þλ6 ¼ −
9
5
g21λ6 − 9g22λ6 þ 24λ1λ6 þ 6λ3λ6 þ 8λ4λ6 þ 10λ5λ6 þ 6λ3λ7 þ 4λ4λ7 þ 2λ5λ7
þ 9λ6TrðYdY†dÞ þ 3λ6TrðYeY†eÞ þ 3λ6TrðYuY†uÞ; ðA11Þ
βð2Þλ6 ¼ þ
1683
200
g41λ6 þ
87
20
g21g
2
2λ6 −
141
8
g42λ6 þ
108
5
g21λ1λ6 þ 108g22λ1λ6 − 318λ21λ6 þ 6λ22λ6
þ 18
5
g21λ3λ6 þ 18g22λ3λ6 − 132λ1λ3λ6 − 36λ2λ3λ6 − 32λ23λ6 þ 6g21λ4λ6 þ 36g22λ4λ6
− 140λ1λ4λ6 − 28λ2λ4λ6 − 68λ3λ4λ6 − 34λ24λ6 þ 12g21λ5λ6 þ 54g22λ5λ6 − 148λ1λ5λ6
− 20λ2λ5λ6 − 72λ3λ5λ6 − 76λ4λ5λ6 − 36λ25λ6 − 111λ36 þ
27
20
g41λ7 þ
3
2
g21g
2
2λ7 þ
45
4
g42λ7
þ 36
5
g21λ3λ7 þ 36g22λ3λ7 − 36λ1λ3λ7 − 36λ2λ3λ7 − 36λ23λ7 þ
24
5
g21λ4λ7 þ 18g22λ4λ7
− 28λ1λ4λ7 − 28λ2λ4λ7 − 56λ3λ4λ7 − 34λ24λ7 −
6
5
g21λ5λ7 − 20λ1λ5λ7 − 20λ2λ5λ7
− 40λ3λ5λ7 − 44λ4λ5λ7 − 42λ25λ7 − 126λ26λ7 − 33λ6λ27 − 42λ37
þ 3
8
ð16ð10g23 − 24λ1 − 3λ3 − 4λ4 − 5λ5Þ þ 45g22 þ 5g21Þλ6TrðYdY†dÞ
þ 1
8
ð−16ð24λ1 þ 3λ3 þ 4λ4 þ 5λ5Þ þ 45g21 þ 45g22Þλ6TrðYeY†eÞ þ
17
8
g21λ6TrðYuY†uÞ
þ 45
8
g22λ6TrðYuY†uÞ þ 20g23λ6TrðYuY†uÞ − 18λ3λ6TrðYuY†uÞ − 24λ4λ6TrðYuY†uÞ
− 30λ5λ6TrðYuY†uÞ − 36λ3λ7TrðYuY†uÞ − 24λ4λ7TrðYuY†uÞ − 12λ5λ7TrðYuY†uÞ
−
33
4
λ6TrðYdY†dYdY†dÞ − 21λ6TrðYdY†uYuY†dÞ −
11
4
λ6TrðYeY†eYeY†eÞ
−
27
4
λ6TrðYuY†uYuY†uÞ; ðA12Þ
βð1Þλ7 ¼ þ6λ3λ6 þ 4λ4λ6 þ 2λ5λ6 −
9
5
g21λ7 − 9g22λ7 þ 24λ2λ7 þ 6λ3λ7 þ 8λ4λ7 þ 10λ5λ7
þ 3λ7TrðYdY†dÞ þ λ7TrðYeY†eÞ þ 9λ7TrðYuY†uÞ; ðA13Þ
βð2Þλ7 ¼ þ
27
20
g41λ6 þ
3
2
g21g
2
2λ6 þ
45
4
g42λ6 þ
36
5
g21λ3λ6 þ 36g22λ3λ6 − 36λ1λ3λ6 − 36λ2λ3λ6
− 36λ23λ6 þ
24
5
g21λ4λ6 þ 18g22λ4λ6 − 28λ1λ4λ6 − 28λ2λ4λ6 − 56λ3λ4λ6 − 34λ24λ6
−
6
5
g21λ5λ6 − 20λ1λ5λ6 − 20λ2λ5λ6 − 40λ3λ5λ6 − 44λ4λ5λ6 − 42λ25λ6 − 42λ36 þ
1683
200
g41λ7
þ 87
20
g21g
2
2λ7 −
141
8
g42λ7 þ 6λ21λ7 þ
108
5
g21λ2λ7 þ 108g22λ2λ7 − 318λ22λ7 þ
18
5
g21λ3λ7
þ 18g22λ3λ7 − 36λ1λ3λ7 − 132λ2λ3λ7 − 32λ23λ7 þ 6g21λ4λ7 þ 36g22λ4λ7 − 28λ1λ4λ7
− 140λ2λ4λ7 − 68λ3λ4λ7 − 34λ24λ7 þ 12g21λ5λ7 þ 54g22λ5λ7 − 20λ1λ5λ7 − 148λ2λ5λ7
− 72λ3λ5λ7 − 76λ4λ5λ7 − 36λ25λ7 − 33λ26λ7 − 126λ6λ27 − 111λ37 −
1
8
ð144λ3ð2λ6 þ λ7Þ
− 160g23λ7 þ 192λ4ðλ6 þ λ7Þ þ 240λ5λ7 − 45g22λ7 − 5g21λ7 þ 96λ5λ6ÞTrðYdY†dÞ
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−
1
8
ð−15g21λ7 − 15g22λ7 þ 32λ5λ6 þ 48λ3ð2λ6 þ λ7Þ þ 64λ4ðλ6 þ λ7Þ þ 80λ5λ7ÞTrðYeY†eÞ
þ 51
8
g21λ7TrðYuY†uÞ þ
135
8
g22λ7TrðYuY†uÞ þ 60g23λ7TrðYuY†uÞ − 144λ2λ7TrðYuY†uÞ
− 18λ3λ7TrðYuY†uÞ − 24λ4λ7TrðYuY†uÞ − 30λ5λ7TrðYuY†uÞ −
27
4
λ7TrðYdY†dYdY†dÞ
− 21λ7TrðYdY†uYuY†dÞ −
9
4
λ7TrðYeY†eYeY†eÞ −
33
4
λ7TrðYuY†uYuY†uÞ: (A14)
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